For the first time, we construct an inspiral-merger-ringdown waveform model within the effective-one-body formalism for spinning, nonprecessing binary black holes that includes gravitational modes beyond the dominant ( , |m|) = (2, 2) mode, specifically ( , |m|) = (2, 1), (3, 3), (4, 4), (5, 5) . Our multipolar waveform model incorporates recent (resummed) post-Newtonian results for the inspiral and information from 157 numerical-relativity simulations, and 13 waveforms from black-hole perturbation theory for the (plunge-)merger and ringdown. We quantify the improvement in accuracy when including higher-order modes by computing the faithfulness of the waveform model against the numerical-relativity waveforms used to construct the model. We define the faithfulness as the match maximized over time, phase of arrival, gravitational-wave polarization and sky position of the waveform model, and averaged over binary orientation, gravitational-wave polarization and sky position of the numerical-relativity waveform. When the waveform model contains only the (2, 2) mode, we find that the averaged faithfulness to numerical-relativity waveforms containing all modes with ≤ 5 ranges from 90% to 99.9% for binaries with total mass 20 − 200M (using the Advanced LIGO's design noise curve). By contrast, when the (2, 1), (3, 3), (4, 4), (5, 5) modes are also included in the model, the faithfulness improves to 99% for all but four configurations in the numerical-relativity catalog, for which the faithfulness is greater than 98.5%. Starting from the complete inspiral-merger-ringdown model, we develop also a (stand-alone) waveform model for the merger-ringdown signal, calibrated to numerical-relativity waveforms, which can be used to measure multiple quasi-normal modes. The multipolar waveform model can be extended to include spin-precessional effects, and will be employed in upcoming observing runs of Advanced LIGO and Virgo.
I. INTRODUCTION
The Advanced LIGO detectors [1] have reported, so far, the observation of five gravitational-wave (GW) signals from coalescing binary black holes (BBHs): GW150914 [2] , GW151226 [3] , GW170104 [4] , GW170608 [5] , GW170814 [6] (observed also by the Virgo detector [7] ), and one GW signal from a coalescing binary neutron star (BNS) [8] . The modeled search for GWs from binary systems and the extraction of binary parameters, such as the masses and spins, are based on the matched-filtering technique [9] [10] [11] [12] [13] [14] , which requires accurate knowledge of the waveform of the incoming signal. During the first two observing runs (O1 and O2), the Advanced LIGO and Virgo modeled-search pipelines employed, for binary total masses below 4M , templates [15] built within the post-Newtonian (PN) approach [16] [17] [18] [19] , and, for binary total masses in the range 4-200M , templates developed using the effective-one-body (EOB) formalism calibrated to numerical-relativity (NR) simulations [20] [21] [22] [23] [24] [25] [26] [27] . For parameter-estimation analyses [8, 10, 28, 29] and tests of General Relativity (GR) [30] , PN [16] [17] [18] , EOBNR [25, 27, 31, 32] and also inspiral-merger-ringdown phenomenological (IMRPhenom) waveform models [33] [34] [35] were used.
The -2 spin-weighted spherical harmonics comprise a convenient basis into which one can decompose the two polarizations of GWs. The spinning, nonprecessing EOBNR * roberto.cotesta@aei.mpg.de waveform model [27] employed in searches and parameterestimation studies during the O2 run (henceforth, SEOBNRv4 model), only used the dominant ( , |m|) = (2, 2) mode to build the gravitational polarizations. This approximation was accurate enough for detecting and inferring astrophysical information of the sources observed during O2 (and also O1), as discussed in Refs. [36] [37] [38] [39] [40] [41] [42] [43] [44] .
Because of the expected increase in sensitivity during the third observing run (O3), which is planned to start in the Fall of 2018, some GW signals are expected to have much larger signal-to-noise ratio (SNR) with respect to the past, and may lie in regions of parameter space so far unexplored (e.g., more massive and/or higher mass-ratio systems than observed in O1 and O2). This poses an excellent opportunity to improve our knowledge of astrophysical and gravitational properties of the sources, but it also requires more accurate waveform models to be able to take full advantage of the discovery and inference potential. More accurate waveform models would be useful, as well, from the detection point of view to further increase the effective volume reached by the search, in particular for regions of the parameter space where the approximation of restricting to the (2,2) mode starts to degrade [37] [38] [39] . Following these motivations, we build here an improved version of the SEOBNRv4 waveform model that includes the modes ( , |m|) = (2, 1), (3, 3) , (4, 4) , (5, 5) beyond the dominant (2, 2) mode (henceforth, SEOBNRv4HM model). Similar work was done for the nonspinning case for the EOBNR waveform model of Ref. [45] (henceforth, EOBNRv2HM model), and has been recently pursued for the nonspinning and spinning, nonprecessing IMRPhenom models in Refs. [46, 47] .
In building the SEOBNRv4HM model we incorporate new informations from PN calculations [48, 49] , from NR simulations (produced with the (pseudo) Spectral Einstein code (SpEC) [50] of the Simulating eXtreme Spacetimes (SXS) project and the Einstein Toolkit code [51, 52] ), and also from merger-ringdown waveforms computed in BH perturbation theory solving the Teukolsky equation [53, 54] . The NR waveforms are described in Refs. [27, 50, [55] [56] [57] [58] [59] [60] , and summarized in Appendix F. They were also employed to build the SEOBNRv4 waveform model in Ref. [27] (see Sec. III therein). However, here, we do not use the BAM simulation BAMq8s85s85 [61, 62] , because the higher-order modes are not available to us. Thus, for the same binary configuration, we produce a new NR simulation using the Einstein Toolkit code and extract higher-order modes (henceforth, ET:AEI:0004).
As by product of the SEOBNRv4HM model, we obtain a (stand-alone) merger-ringdown model [27, [63] [64] [65] [66] [67] , tuned to the NR and Teukolsky-equation waveforms, which can be employed to extract multiple quasi-normal modes from GW signals, and test General Relativity [68] [69] [70] [71] .
The paper is organized as follows. In Sec. II we use the NR waveforms at our disposal to quantify the importance of higher harmonics in presence of spins. In Sec. III we determine, taking also into account the error in NR waveforms, which gravitational modes are crucial to achieve at least ∼ 99% accuracy. In Sec. IV we develop the multipolar EOB waveform model, and describe how to enhance its performance by including information from NR simulations and BH perturbation theory. We also highlight the construction and use of the multipolar (stand-alone) merger-ringdown model. In Sec. V we compare the newly developed SEOBNRv4HM model to 157 NR waveforms. In Sec. VI we summarize our main conclusions, and outline possible future work. Finally, in Appendices A, B and C we provide interested readers with explicit expressions of all quantities entering the higher-order modes of the SEOBNRv4HM model, and point out the presence of numerical artifacts in the (4,4) and (5,5) modes of some NR simulations. For convenience, we summarize in Appendix F the NR waveforms used in this paper. In Appendix G we also compare the model SEOBNRv4HM with the nonspinning EOBNRv2HM waveform model, developed in 2011 [45] . Finally in Appendix H we compare the SEOBNRv4HM model with an NR waveform in time domain.
In this paper we adopt the geometric units G = c = 1.
II. MOTIVATIONS TO MODEL HIGHER-ORDER MODES FOR BINARY BLACK HOLES
In this section we describe the spherical-mode decomposition of the gravitational polarizations and discuss the motivations for building an inspiral-merger-ringdown waveform model (SEOBNRv4HM) with higher harmonics for spinning BHs.
Henceforth, we denote the binary's total mass with M = m 1 + m 2 , and choose the body's masses m 1 and m 2 such that the mass ratio q = m 1 /m 2 ≥ 1. Since we consider only spin- where we denote with ι the inclination angle (computed with respect to the direction perpendicular to the orbital plane), ϕ 0 the azimuthal direction to the observer, and Y −2 m (ι, ϕ 0 )'s the -2 spin-weighted spherical harmonics. For spinning, nonprecessing BHs' we have h m = (−1) h * −m . Thus, without loss of generality, we restrict the discussion to ( , m) modes with m > 0.
As we shall discuss below, for face-on/face-off binary configurations, the dominant mode is the ( , m) = (2, 2) mode. For generic binary orientations the modes ( , m) (2, 2) could be comparable to the (2, 2) mode. Nevertheless, we will loosely refer to ( , m) (2, 2) as subdominat modes; sometime we also refer to them as higher-order modes or higher harmonics, even if they include the (2, 1) mode.
Several authors in the literature have investigated the impact of neglecting higher-order modes for detection and parameter estimation. From the detection perspective, Refs. [37, 38, 40, 72] showed that neglecting higher-order modes in nonspinning gravitational waveforms can cause a loss in detection volume bigger than 10% when the mass ratio q ≥ 4 and total mass M ≥ 100M . To overcome this issue, Ref. [39] suggested a new method to search for GW signals with templates that include higher modes, increasing the search sensitivity up to a factor of 2 in volume for high mass-ratio, and high totalmass binaries. While those works consider only nonspinning Amplitude ratio between the ( , m) mode and the dominant (2, 2) mode, both evaluated at their peak. In the left (right) panel we plot these quantities for mass ratio q = 8 versus the spin of the heavier BH (q = 1 versus χ A = (χ 1 − χ 2 )/2 for modes with odd m, and χ S = (χ 1 + χ 2 )/2 for modes with even m). The markers represent the NR data, and we connect them by a line.
systems, the authors of Ref. [73] show that for spinning systems, the loss in detection volume due to neglecting higherorder modes is smaller with respect to the nonspinning case. This happens because the spin parameters provide an additional degree of freedom that templates with only the dominant (2, 2) mode can employ to better match signals containing higher-order modes.
From the parameter-estimation perspective, as discussed in Ref. [40] , for nonspinning systems with mass ratio q ≥ 4 and total masses M ≥ 150M the systematic error due to neglecting higher-order modes is larger than the 1σ statistical error for signals with signal-to-noise ratio (SNR) of 8. Signals with a larger SNR yield smaller statistical errors and, the constraints discussed before become more stringent [36] . Indeed even for equal-mass systems, where the higher-order modes are expected to be negligible, if the signal has an SNR of 48, the systematic error from neglecting higher-order modes can be bigger than the statistical error [36] . (The SNRs above refer to Advanced LIGO's "zero-detuned high-power" design sensitivity curve [74] ).
Here we briefly review known results, and highlight some features that will be exploited below when building the SEOBNRv4HM waveform model.
In Fig. 1 we show the ratio between the largest subdominant ( , m) modes and the (2, 2) mode amplitudes, evaluated at their peak, t m peak and t 22 peak , respectively, as function of mass ratio for all the nonspinning waveforms in our NR catalog. We note that the (well-known) mode hirarchy ( , m) = (2, 2), (3, 3) , (2, 1) , (4, 4) , (3, 2) , (5, 5) , (4, 3) changes when approaching the equal-mass (equal-spin) limit. Indeed, in this limit all modes with odd m have to vanish in order to enforce the binary's symmetry under rotation ϕ 0 → ϕ 0 + π. Thus, when ν → 1/4 (χ 1 = χ 2 ), the (3, 2) and (4, 4) modes become the most important subdominant modes. In Fig. 2 we show how the modes' hierarchy in the nonspinning case (see Fig. 1 ) changes when BH's spins are included. In particular, in the left panel of Fig. 2 we fix the mass ratio to q = 8 and plot the relative amplitude of the modes as function of the spin of the more massive BH. Note that for q = 8 all NR waveforms in our catalog (with the exception of ET:AEI:0004, q = 8, χ 1 = χ 2 = 0.85) have the spin only on the more massive BH. We see that the relative amplitude of the modes (3, 3) , (4, 4) , (3, 2) , (5, 5) , (4, 3) depends weakly on the spins, except for the (2, 1) mode. Indeed, for χ 1 0.5, the (2, 1) mode becomes smaller than the (4, 4) mode and for χ 1 0.75 is as small as the modes (3, 2), (5, 5) . On the other side, for χ 1 −0.25 the mode (2, 1) is larger than the (3, 3) mode. We find that for smaller mass ratios the effect of χ 2 (i.e., the spin of the lighter BH), becomes more important. In particular, for a fixed value of χ 1 the amplitude ratio |h m (t m peak )|/|h 22 (t   22 peak )| for the modes (3, 3) , (4, 4) , (5, 5) decreases with increasing χ 2 , while the ratio increases for the modes (2, 1), (3, 2) , (4, 3) .
The special case of equal-mass systems, q = 1, is discussed in the right panel of Fig. 2 . Here we show the amplitude ratio between the ( , m) mode and the dominant (2, 2) mode, both evaluated at their peak, as function of χ A = (χ 1 − χ 2 )/2 for modes with odd m and as function of χ S = (χ 1 + χ 2 )/2 for modes with even m. As discussed before, the modes with odd m vanish for equal-mass, equal-spins configurations (χ A = 0) from symmetry arguments and, the amplitude ratio grows proportionally to |χ A | for these modes. In particular, we note that in this case the (2, 1) mode behaves differently from the other modes, undergoing a much more significant growth in the amplitude ratio. Regarding the modes with even m, we notice that whereas the (4, 4) mode is nearly constant as function of χ S in the spin range considered, the (3, 2) mode increases as a function of χ S in the same range.
Finally, it is worth emphasizing that in understanding the relevance of subdominant modes for the observer, it is important to take into account the -2 spin-weighted sphericalharmonic factor Y −2 m (ι, ϕ 0 ) that enters Eq. (2.1), notably its dependence on the angles (ι, ϕ 0 ). Indeed, the -2 spin-weighted spherical harmonic associated to the dominant mode starts from a maximum in the face-on orientation (ι = 0) and decreases to a minimum at edge-on (ι = π/2). On the other hand, the spherical harmonics favour the higher-order modes with respect to the dominant one in orientations close to edge-on where
Furthermore, a direct inspection of the harmonic factor shows that the modes (3, 2), (4, 3) are suppressed (i.e., | Y −2 m (ι)|/| Y −2 22 (ι)| < 1) for a larger region in ι than for the modes (3, 3), (2, 1), (4, 4) , (5, 5) . For this reason the contribution of the former to the gravitational polarizations is limited to a smaller number of orientations with respect to the latter.
III. SELECTING THE MOST-IMPORTANT HIGHER-ORDER MODES FOR MODELING
In this section we first introduce the faithfulness function as a tool to assess the closeness of two waveforms when higherorder modes are included. Then, we use it to estimate how many gravitational modes we need to model in order not to loose more than 10% in event rates when rectricting to the binary's configurations in the NR catalog at our disposal. We also determine the loss in faithfulness of the NR waveforms due to numerical error.
The gravitational signal emitted by a spinning, nonprecessing and noneccentric BBH is characterized by 11 parameters, namely the masses of the two bodies m 1 and m 2 , the (constant) projection of the spins in the direction perpendicular to the orbital plane, χ 1 and χ 2 , the angular position of the line of sight measured in the source's frame (ι, ϕ 0 ) (see Eq. (2.1)), the sky location of the source in the detector frame (θ, φ), the polarization angle ψ, the luminosity distance of the source D L and the time of arrival t c . The signal measured by the detector takes the form:
where for convenience we introduce ξ ≡ (m 1 , m 2 , χ 1 , χ 2 ). The functions F + (θ, φ, ψ) and F × (θ, φ, ψ) are the antenna patterns [15, 75] :
− cos(θ) sin(2φ) sin(2ψ),
+ cos(θ) sin(2φ) cos(2ψ). Equation (3.1) can be rewritten as:
where κ(θ, φ, ψ) is the effective polarization [38] defined in the region [0, 2π) as:
while A(θ, φ) reads:
We stress that A(θ, φ) does not depend on ψ despite the fact F + and F × depend on it. Henceforth, to easy the notation we suppress the dependency of κ on (θ, φ, ψ). Given a GW signal h s and a template waveform h t , we define the faithfulness as [38, 76 ]
where parameters with the subscript "s" ("t") refer to the signal (template) waveform. The inner product is defined as [15, 75] :
where a tilde indicates the Fourier transform, a star the complex conjugate and S n ( f ) is the one-sided power spectral density (PSD) of the detector noise, and we employ the Advanced LIGO's "zero-detuned high-power" design sensitivity curve [74] . The integral is evaluated between the frequencies f l = 20Hz and f h = 3kHz. When the signal is an NR waveform that starts (ends) at a higher (lower) frequency than f l ( f h ), we choose the starting (ending) frequency of the NR waveform. Note that the dependence on the luminosity distance D L disappears in Eq. (3.7) because template and signal are normalized in that expression. In principle, we could define the faithfulness in Eq. (3.7) maximizing also over the inclination angle ι t . This would certainly increase the faithfulness. However, as we have discussed in the previous section, the inclination angle ι affects considerably how higher-order modes impact the signal, thus we find more appropriate to investigate the waveform model in the worst situation in which we do not allow any bias in the measurement of the inclination angle. The maximizations over t c and ϕ 0t in Eq. (3.7) are computed numerically, while the maximization over κ t is done analytically following the procedure described in Ref. [38] (see Appendix A). When h t does not include higher-order modes, the maximization over the effective polarization κ t in Eq. (3.7) becomes degenerate with the maximization over ϕ 0t and we recover the usual definition of faithfulness.
The faithfulness given in Eq. (3.7) depends on the signal parameters (ι s , ϕ 0s , κ s ). To understand how the faithfulness varies as function of those parameters, we introduce the minimum, maximum, average and average weighted with the SNR unfaithfulness [1 − F (ι s , ϕ 0s , κ s )] over these parameters, namely [38, 76, 77] : 
We note that for the average unfaithfulness weighted with the SNR in Eq. (3.12), we drop in the SNR the explicit dependence on A(θ, φ) and D L , because they cancel out. It is important to highlight that the unfaithfulness weighted with the cube of the SNR is a conservative upper limit of the fraction of detection volume lost. Indeed, weighting the unfaithfulness with the SNR takes into account that, at a fixed distance, configurations closer to an edge-on orientation have a smaller SNR with respect to configurations closer to a face-on orientation, therefore they are less likely to be observed. The definitions of minimum, maximum and averaged unfaithfulness in Eqs. (3.9)-(3.11) are similar to those in Ref. [32] , with the difference that in the latter they minimize, maximize and average also over the source orientation ι s . The average weighted with the SNR in Eq. (3.12) was introduced in Ref. [77] and used for a similar purpose also in Ref. [76] .
In the following we shall show results where all the averages are computed assuming an isotropic distribution for the source orientation and sky position.
Using the aforementioned definitions (3.9)-(3.12), we compute the unfaithfulness assuming that the signal is an NR waveform with modes ( ≤ 5, m 0) 1 , and the template is either an NR waveform or a SEOBNRv4 waveform with only 
. Maximum of unfaithfulness (1 − F ) over the three angles (ι NR , ϕ 0NR , κ NR ) as a function of the total mass, in the range 20M ≤ M ≤ 200M of the NR waveform with (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) modes against NR waveform with ( ≤ 5, m 0) modes. The jaggedness of the curves is caused by the numerical noise present in higher-order modes that are less resolved in the NR simulations. We find that this feature is not present when these noisy modes are removed from the calculation of the faithfulness. the (2, 2) mode.
In the left panel of Fig. 3 we show results for the simulation SXS:BBH:0610 having q = 1.2, χ 1 = −0.5, χ 2 = −0.5. Given the small mass ratio, we do not expect the higher-modes to play an important role. Indeed both the NR with only the dominant mode and the SEOBNRv4 model have averaged unfaithfulness < 1% in the mass range 20M ≤ M ≤ 200M . In both cases the unfaithfulness is maximum for an edge-on orientation and is < 3%. Conversely the minima of the unfaithfulness occur for a face-on configuration and they are always much smaller than 1%. The situation is very different in the right panel of Fig. 3 where we consider the simulation ET:AEI:0004 that has larger mass ratio and spins: q = 8, χ 1 = χ 2 = 0.85. In this case the minima of the unfaithfulness correspond to a face-on orientation where the higher-order modes are negligible and for this reason both NR with only the dominant mode and the SEOBNRv4 model have unfaithfulness smaller than 1%. By contrast, the results for the maximum of the unfaithfulness correspond to an edge-on orientation and they are equally large for the NR with only the dominant mode and for the SEOBNRv4 model. Thus, for this high mass-ratio configuration the error from neglecting higher-order modes supersedes the modeling error of the dominant mode when the orientation is far from face-on/face-off. This is not surprising because the SEOBNRv4 waveform model was constructed requiring 1% of maximum unfaithfulness against the NR waveforms when only the (2, 2) mode was included [27] .
Only by properly including the largest subdominant modes can one hope to achieve an unfaithfulness of the waveform model below 1% 2 . Which subdominnat modes should we include to achieve such an accuracy? To address this question, we compute the faithfulness between NR waveforms including the modes (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) and NR waveforms including only the ( ≤ 5, m 0) modes. We find that the unfaithfulness averaged over the three angles (ι NR , ϕ 0NR , κ NR ) ranges between 0.01% (1 − F ) 0.5% for the total mass interval 20M ≤ M ≤ 200M . Thus, we conclude that the modes (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) are sufficient to model the full GW signal if we want to achieve an average unfaithfulness smaller than 1%. Furthermore, we note that these modes are not enough to ensure that the maximum of the unfaithfulness is smaller than 1%. In fact, for some of the configurations with higher mass ratio, the unfaithfulness is slightly larger than 1% in the mass range 20M ≤ M ≤ 200M , as it is clear from the plot in Fig. 4 . The maximum unfaithfulness decreases, almost reaching the requirement of being below 1% for all the waveforms in the catalog, if we add also the more subdominant modes (3, 2), (4, 3). However, given that the overall improvement in the maximum of unfaithfulness when including also the modes (3, 2) , (4, 3) is small (of the order of a few 0.1%) with respect to the results obtained using only the (2, 2), (2, 1), (3, 3) , (4, 4), (5, 5) modes, it is worth comparing this improvement with the estimation of the maximum of the unfaithfulness due to the numerical error of the NR waveforms. The numerical errors we consider are numerical truncation error [57, 78] and waveform extrapolation error [57, 78, 79] . For our NR catalog, we estimate the numerical truncation error computing the maximum of the unfaithfulness between the same NR waveforms with the same modes (i.e., (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) ), but with different resolutions, notably the highest (maximum) resolution and the second highest. The waveform extrapolation error is estimated in the same way, but employing different extrapolation orders (i.e., N = 2 and N = 3). We find that the contribution of each of these errors to the maximum of the unfaithfulness is in the range [0.1%, 1%] for the total mass interval
Since adding the modes (3, 2), (4, 3) is a non trivial task because of the mode mixing between modes with the same m and different [65, [80] [81] [82] , and considering that their contribution is at the same level of the numerical error of the NR waveforms, we decide not to include them in the SEOBNRv4HM 2 We notice that using a waveform model with unfaithfulness smaller than 3% (or 1% depending on the features of the template bank) is a sufficient condition for a template bank to have a loss in event rates due to modeling error and discreteness of the template bank smaller than 10% (e.g., see
Ref.
[17]) 3 The unfaithfulness averaged over the three angles (ι NR , ϕ 0NR , κ NR ) due to numerical errors is much smaller than 1%. The reason is that the main contribution to this average unfaithfulness is the numerical error of the dominant mode. The latter is much smaller than 1%, as well. This conclusion is in agreement with Ref. [57] where the authors studied the numerical errors of the dominant mode for a subset of the waveforms in our NR catalog.
model. The results of the maximum of the unfaithfulness due to the numerical errors suggest that in order to use NR waveforms to build an EOBNR model having maximum unfaithfulness against NR smaller than 1% it would be necessary to have more accurate higher-order modes from NR simulations.
IV. EFFECTIVE-ONE-BODY MULTIPOLAR WAVEFORMS FOR NONPRECESSING BINARY BLACK HOLES
In this section we describe the main ingredients used to build the multipolar spinning, nonprecessing SEOBNRv4HM waveform model. We start briefly describing the dynamics in Sec. IV A, and then focus on the structure of the gravitational modes in Sec. IV B.
In the EOB formalism the real dynamics of two bodies with masses m 1,2 and spins S 1,2 is mapped into the effective dynamics of a test particle with mass µ and spin S * moving in a deformed Kerr metric with mass M = m 1 + m 2 and spin S Kerr . As discussed above, here we limit to nonprecessing spins S 1,2 and introduce the dimensionless spin parameters χ 1,2 defined as
A. Effective-one-body dynamics
The EOB conservative orbital dynamics is obtained from the resummed EOB Hamiltonian through the energy mapping [20] 
is the reduced mass of the BBH and ν = µ/M is the symmetric mass ratio. When spins are nonprecessing the motion is constrained to a plane. Thus, the dynamical variables entering the Hamiltionian are the orbital phase φ 4 , the radial separation r (normalized to M) and their conjugate momenta p φ and p r (normalized to µ). The explicit form of H eff that we adopt here was derived in Refs. [24, 83] , based on the linear-in-spin Hamiltonian for spinning test particles of Ref. [84] . The radial potential entering the 00-component of the EOB deformed metric, which also enters the effective Hamiltonian H eff , is explicitly given in Eqs. (2.2) and (2.3) in Ref. [27] . The Hamiltonian H eff depends also on the calibration parameters (K, d SO , d SS ∆ 22 peak ), which were determined in Ref. [27] by requiring agreement against a large set of NR simulations (see Eqs. (4.12)-(4.15) therein). Here, we adopt the same values for these calibration parameters.
The dissipative dynamics in the EOB formalism is described by the radiation-reaction force given in Eq. (2.9) in Ref. [27] . We notice that in this paper we do not change the dissipative and conservative dynamics of the SEOBNRv4 model, and that the SEOBNRv4HM waveform models share the same two-body dynamics of SEOBNRv4. Here, we construct more accurate gravitational modes with ( , m) (2, 2) mode, but those modes are not fed back into the two-body dyanmics through the radiation-reaction force.
B. Effective-one-body gravitational modes
As usual in the EOB formalism [21] , the gravitational modes entering Eq. (2.1) are composed of two main parts: inspiral & plunge, and merger & ringdown. We can write the generic mode as:
where t m match is defined as:
with t In the following we shall discuss in more detail how these two parts of the gravitational modes are built and why we choose a different matching point for the mode (5, 5). We note again that the mode (2, 2) in the SEOBNRv4HM model is the same as in the SEOBNRv4 model, and for this reason below we focus on the higher-order modes (3, 3), (2, 1), (4, 4), (5, 5).
C. Effective-one-body waveform modes: inspiral-plunge
The inspiral-plunge EOB modes are expressed in the following multiplicative form:
where h F m is the factorized form of the PN GW modes [16, 85] for quasi-circular orbits, aimed at capturing strong-field effects, as discussed in the test-mass limit [86] [87] [88] . The factor N m in Eq. (4.4) is the nonquasi-circular (NQC) term, which includes possible radial effects that are no longer negligible during the late inspiral and plunge, and that are not captured by the rest of the waveform. More explicitly, the factorized term reads: 5) where is the parity of the multipolar waveform, defined as
The Newtonian term h
m reads:
where D L is the distance from the source, Y m (θ, φ) are the scalar spherical harmonics and the expression of the functions n ( ) m and c + (ν) are given in Appendix A. The function V φ is defined as:
where 
The function T m in (4.5) is a resummation of the leadingorder logarithms of tail effects: Ω , where β m denotes the firstorder term at which the PN series of m is not known today with its complete dependence on mass ratio and spins. The calibration parameter c m is evaluated to satisfy the condition: • The first derivative of the amplitude of the EOB modes is the same as that of the NR modes at the matching point t m match : • The second derivative of the amplitude of the EOB modes is the same as that of the NR modes at the matching point t m match :
(4.16)
• The frequency of the EOB modes is the same as that of the NR modes at the matching point t m match :
• The first derivative of the frequency of the EOB modes is the same as that of the NR modes at the matching point t m match : 18) where the RHS of Eqs. (4.14)-(4.18) (usually called "input values"), are given as fitting formulae for every point of the parameter space (ν, χ 1 , χ 2 ) in Appendix B. These fits are produced using the NR catalog and BH-perturbation-theory waveforms, as described in Appendix F.
As we discuss in Appendices B and C, we find that for several binary configurations in the NR catalog, the numerical error is quite large for the mode (5, 5) close to merger. To minimize the impact of the numerical error on the fits of the input values, we are obliged to choose the matching point for this mode earlier than for other modes, as indicated in Eq. (4.3). 
We produce such simulation to check if the analytical prediction that the (2, 1)-mode's amplitude would have a non-monotonic behaviour toward merger holds. We choose as origin of time the peak of the (2, 2) mode.
We want now to come back to the motivation of introducing the c m 's calibration parameters in Eq. (4.12) for the modes (2, 1) and (5, 5) . We note that those parameters are determined and included in the waveform before applying the NQC conditions (4.14)-(4.18). We introduce the c m 's to "cure" the behaviour of the modes (2, 1), (5, 5) close to the matching point for a particular region of the parameter space. Indeed, we find that the factorized expression of the amplitude h .5) is responsible of the zeros in the amplitude, we find that this unexpected behaviour is also present in the PN-expanded form of the mode, and persist in other mode resummations, like those suggested in Ref. [88] (see Eq. 2 therein) and in Refs. [89, 90] .
Quite interestingly, in the case of the (5, 5) mode, we do not find such a non-monotonic behaviour toward merger in the NR simulations at our disposal, but we do find it for the (2, 1) mode in the same region of parameter space predicted by the analytical computation. In particular, we notice minima toward merger in SXS:BBH:0612 with (q = 1.6, χ 1 = 0.5, χ 2 = −0.5), SXS:SXS:BBH:0614 (q = 2, χ 1 = 0.75, χ 2 = −0.5), SXS:BBH:0254 (q = 2, χ 1 = 0.6, χ 2 = −0.6). We also produce a new NR simulation SXS:BBH:1377 with q = 1.1, χ 1 = −0.4, χ 2 = −0.7 to check the presence of a minimum in the amplitude mode. Figure 5 shows indeed the presence of such a mimimum in the (2, 1) mode amplitude for SXS:BBH:1377.
The minima (or zeros) of the (2, 1), (5, 5) modes can sometime occur at times t ∼ t match m , that is close to the times where we impose the NQC conditions (4.14)-(4.18). When that happens, the enforcement of such conditions yield a waveform which contains unwanted features 5 . Considering that for the mode (5, 5) the mimima are absent in the NR simulations, thus they are likely an artefact of the analytical waveform, and that for the mode (2, 1) the minima are present only in the region of parameter space where the (2, 1) mode is much smaller than the other modes (i.e., when q ∼ 1 and |χ A | = |(χ 1 − χ 2 )|/2 is large, see also Fig. 5 ), we decide to remove the minima from the (2, 1) and (5, 5) EOB modes. We achieve this by introducing the calibration parameter c m , which enforces the condition that the EOB amplitude at t match m is equal to the NR amplitude (see Eq. (4.12)). Note that the latter is imposed before the NQC conditions and removes the minima only when they appear for t ∼ t m match . Modeling the minima in the (2, 1) modes could be considered in the future, when more accurate waveforms would be needed at higher SNRs.
Henceforth, we attempt to explain why the analytical modes (both in the PN and factorized form) present minima or zeros for the (2, 1) and (5, 5) cases when q ∼ 1 and |χ A | = |(χ 1 − χ 2 )|/2 is large. Readers who might not be interested in this technical discussion, could skip the rest of this section and move to Sec. IV E.
As discussed in Sec. II, because of binary symmetry under rotation (ϕ 0 → ϕ 0 +π) the modes with odd m vanish for equalmass and equal-spins configurations. Thus, the nonspinning terms in those modes are proportional to δm = (m 1 − m 2 )/M while the spinning terms are an antisymmetric combination of δm, χ A and χ S = (χ 1 + χ 2 )/2 (e.g, χ A , χ S δm, χ 2 A δm), see for example Eqs.(38a)-(38i) in Ref. [88] . In the limit q ∼ 1 all the nonspinning and spinning terms proportional to δm are suppressed, and the leading spinning terms are proportional to χ A . For large values of χ A and small values of δm (very unequal spins, almost equal mass) a cancellation between the leading-order spin correction and the dominant nonspinning PN term (which despite being of lower PN order is supressed by δm) can occur at some given frequency. The higher the difference in PN orders between these two leading spinning and nonspinning contributions, the higher the frequency at which the cancellation happens. For the (2, 1) mode, there is only a half PN order difference between these terms (see Eq. (38b) in Ref. [88] ), so the cancellation arises at sufficiently low frequencies where this PN analysis based on two leading terms can be reliable, and, indeed, we do observe these minima in the NR simulations. In Table I we list the configurations in our NR catalog where the minimum happens and its orbital frequency as measured in the NR simulation 6 and as predicted 5 Since |h (t)|, to assume unphysically large values for t < t m match . 6 We estimate the orbital frequency in the NR simulation as half of the grav-by PN modeling at 3PN order [19, 48, 85] . As expected, the lower the frequency, the more accurate the PN prediction. We note that the last row shows results of a NR simulation that we specifically produce to confirm the presence of the minimum in the mode (see also Fig. 5 ). We note that for the binary's configuration listed in the first row of Table I , the NR simulation shows a high-frequency minimum, which is not reproduced by PN calculations, confirming that this analysis becomes less reliable in the high-frequency regime.
Lastly, as already pointed out above, for the (5, 5) mode we do not observe any minimum in the NR simulations at our disposal. The most likely explanation is that the cancellation of the leading terms happens at frequencies high enough that the higher-order PN corrections would change the result (i.e., they completely remove the minimum or push it at frequency higher than the merger frequency). 
E. Effective-one-body waveform modes: merger-ringdown
We build the merger-ringdown EOB waveforms following Refs. [27, 63, 64, 66] , notably the implementation in Ref. [27] . The merger-ringdown mode reads: 19) where σ m0 is the (complex) frequency of the least-damped QNM of the final BH. We denote σ R m ≡ Im(σ m0 ) < 0 and σ I m ≡ − Re(σ m0 ). For each mode ( , m), we employ the frequency values tabulated in Refs. [69, 91] as functions of the BH's mass and spin. We compute the remnant-BH's mass using the same fitting formula in Ref. [25] , which is based on the phenomenological formula in Ref. [92] , but we replace its equal-mass limit (see Eq. (11) in Ref. [92] ) with the fit in Ref. [93] (see Eq. (9) of Ref. [93] ). The remnant-BH's spin is computed using the spin formula in Ref. [94] (see Eq. (7) in Ref. [94] ).
For the two functionsÃ m (t) andφ m (t), we use the ansätze [27] : . To obtain those parameters we first extract them applying a least-square fit in each point of the parameter space (ν, χ 1 , χ 2 ) for which we have NR and Teukolsky-equation-based waveforms. Then, we interpolate those values in the rest of the parameter space using polynomial fits in ν and a combination of χ 1 and χ 2 , as given explicitly in Appendix C.
Regarding the accuracy of our merger-ringdown model, for the modes (2,1) and (3,3) the average fractional difference in the amplitude between the model and the NR waveform is of the order of percent, while the average phase difference is 0.1 radians. For the modes (4,4) and (5,5) we are unable to determine a similar average error, because those modes are affected by numerical error at merger and during ringdown, as we discuss in Appendix C. We find that the average fractional difference in the amplitude (phase) between the model and the NR simulation can be in some cases on the order of 10% ( 0.3 rad), but this can be comparable to the difference between NR waveforms at different extraction radius (see Fig. 13 (3, 3) , they are still acceptable considering the relatively small amplitude of the modes (4,4) and (5,5) with respect to the (2,1) and (3, 3) .
In summary, given a binary configuration (m 1 , m 2 , χ 1 , χ 2 ), the merger-ringdown model that we have developed is uniquely determined by the following parameters (m 1
V. PERFORMANCE OF THE MULTIPOLAR EFFECTIVE-ONE-BODY WAVEFORM MODEL
We study the accuracy of the multipolar waveform model SEOBNRv4HM by computing its faithfulness against waveforms in the NR catalog at our disposal. In Secs. V A and V B, we perform a detailed comparison against three NR simulations, notably a moderate-mass-ratio configuration, SXS:BBH:0293 (q = 3, χ 1 = 0.85, χ 2 = 0.85), and two high-mass-ratio configurations, SXS:BBH:0065 (q = 8, χ 1 = 0.5, χ 2 = 0) and ET:AEI:0004 (q = 8, χ 1 = 0.85, χ 2 = 0.85). We also compare the results above with those obtained when the (2,2)-waveform-model SEOBNRv4 is employed. Finally, in Sec. V C we summarize the agreement of the SEOBRNv4HM model against the entire NR catalog composed of 157 simulations.
A. Moderate mass ratio: SXS:BBH:0293
In the left panel of Fig. 6 we show a contour plot of the faithfulness F (cos(ι NR ), ϕ 0NR , κ NR ) κ NR =0 between the NR waveform SXS:BBH:0293 with modes ( ≤ 5, m 0), and the waveform generated with SEOBNRv4, for a total mass of M = 200M . In order to reduce the dimensionality of the plot, we fix the value of κ NR . However, we find that the dependence of the faithfulness on this variable is mild. We can see that the faithfulness depends mainly on the inclination angle ι NR and degrades when we move from a face-on {F (cos(ι NR ) = 0) ∼ 99%} to an edge-on orientation {F (cos(ι NR ) = 1) ∼ 92%}. This situation is different if we include the higher-order modes in the model (i.e, (3, 3), (2, 1), (4, 4), (5, 5)), as can be seen in the right panel of Fig. 6 where we use the SEOBNRv4HM waveform model. In this case the faithfulness degrades much less if we go from a face-on (F ∼ 99.7%) to an edge-on (F ∼ 98.5%) orientation. The small residual degradation is due to the fact that the dominant mode is still better modeled than the higher-order modes and for this reason for a face-on orientation (where the signal is dominated by the dominant mode) the faithfulness is larger than for an edge-on orientation where the higher-order modes contribute the most. Another contribution to the residual degradation in an edge-on orientation stems from the fact that in the SEOBNRv4HM model we still miss some subdominant higher-order modes, which instead we have included in the NR waveform.
As done in Sec. III we summarize the results of the faithfulness calculation in Fig. 7 , where we show the minimum and maximum of the unfaithfulness over the NR orientations, GW polarization and sky position, respectively indicated as min ι NR ,ϕ 0NR ,κ NR (1 − F ) (blue) and max ι NR ,ϕ 0 NR ,κ NR (1 − F ) (red); the average of the unfaithfulness over these three angles 1−F ι NR ,ϕ 0 NR ,κ NR (green), and the average of the unfaithfulness weighted with the cube of the SNR: 1 − F SNRweighted ι NR ,ϕ 0 NR ,κ NR (orange). All the averages are computed assuming an isotropic distribution for the source orientation, homogeneous distribution in GW polarization and isotropic distribution in sky position. All these quantities are shown as a function of the total mass of the system. In the plots the plain curves are the results of the unfaithfulness between the NR and SEOBNRv4HM waveforms, while dashed curves are the results of the unfaithfulness between NR and SEOBNRv4 waveforms. In this case, the maximum and the averaged values of the unfaithfulness for the SEOBNRv4 model are one order of magnitude larger than the ones with the SEOBNRv4HM model. The minimum of the unfaithfulness is the same for both models (blue curves lying on top of each other) because it is reached for a face-on orientation, where the contribution of the higher-order modes used for SEOBNRv4HM is zero. Indeed the -2 spin-weighted spherical harmonics associated to these higher-order modes go to zero for face-on orientations. We note also that in SEOBNRv4, as expected, the disagreement grows strongly with the total mass of the system, because higher-order modes are more important toward merger and ringdown.
B. High mass ratios: SXS:BBH:0065 and ET:AEI:0004
More striking conclusions about the improvement of the waveform model due to the inclusion of higher-order modes can be drawn looking at the comparison with the two NR simulations SXS:BBH:0065 and ET:AEI:0004, for which higher-order modes are expected to be more important, because of the higher mass ratio. the situation is much better if we include in the model the higher modes, as can be seen in Fig. 8 (right panel) . Now, the degradation as a function of ι NR is much weaker and for edge-on orientations the faithfulness reaches values close to F ∼ 98%. Similar conclusions can be drawn by looking at Fig. 9 , whch refers to the simulation ET:AEI:0004
The only relevant difference with respect to the aforementioned case is that in this case the faithfulness of the SEOBNRv4HM waveform is a little bit smaller and it goes down to F ∼ 97.7% in the edgeon orientations. At a fixed binary orientation, the faithfulness of the (2,2)-waveform-model SEOBNRv4 against the NR waveform for the configuration (q = 8, M = 200M , χ 1 = 0.85 = χ 2 = 0.85) is always larger than that for the configuration (q = 8, M = 200M , χ 1 = 0.5, χ 2 = 0). This can be explained considering that, as discussed in Sec. II, for a fixed mass ratio the (2, 1) mode is increasingly suppressed when the spin of the heavier BH grows, while the other higher-order modes are mostly constant as a function of the spins. Since in the first case χ 1 , that is the spin of the heavier BH, is larger than in the second case, the (2, 1) mode is more suppressed in the first case than in the second one. For this reason the faithfulness with the SEOBNRv4 model, including only the dominant mode, is higher for the first configuration.
As for the previous configuration, in Fig. 10 , we show the summary of the faithfulness results as maximum, minimum and averages of the unfaithfulness, respectively for SXS:BBH:0065 (left panel) and ET:AEI:0004 (right panel). For these binary configurations, even if the maxima of the unfaithfulness have larger values with respect to the case discussed in the previous section ( ∼ 2% for SXS:BBH:0065 and ∼ 2.7% for ET:AEI:0004 at a total mass of M = 200M ), we still have acceptable values of the unfaithfulness averaged over the orientations, sky position and polarizations: respectively ∼ 1% and ∼ 1.6% for a total mass of M = 200M . This is a big improvement with respect to the SEOBNRv4 model, which gives averaged values of the unfaithfulness larger than 10% for both configurations and the same total mass.
As discussed in Sec. III, an important quantity to assess the improvement that SEOBNRv4HM could yield for detecting BBHs is the average unfaithfulness weighted with the cube of the SNR. For this quantity our model yields values of ∼ 0.7% for SXS:BBH:0065 and ∼ 1% for ET:AEI:0004 at a total mass of M = 200M compared to values around ∼ 7% returned by the SEOBNRv4 model.
C. Comparison with entire numerical-relativity catalog
Having studied in detail some particular configurations, we can now examine how the model works over the entire NR waveform catalog at our disposal. In Fig. 11 we plot the angle-averaged unfaithfulness as a function of the total mass of the system, computed between the NR waveforms with modes ( ≤ 5, m 0) and the SEOBNRv4 model (left panel), SEOBNRv4HM model (right panel). Comparing the two panels, we can see that SEOBNRv4HM yields unfaithfulnesses one order of magnitude smaller than those of the SEOBNRv4 model. In the plots different colors correspond to different ranges of mass ratios, and from the left panel it is visible that in the case of the SEOBNRv4 model, there is a clear hierarchy for which configurations with higher mass ratios have also larger unfaithfulness. This effect is removed in the The comparison between the unfaithfulness averaged over the three angles (ι NR , ϕ 0NR , κ NR ) and weighted by the cube of the SNR of two waveform models against NR waveforms displays similar features, with the only difference of having overall smaller values of the unfaithfulness (always ≤ 1% for the SEOBNRv4HM model). This happens because weighting with the SNR favours orientations closer to face-on for which the best modeled (2, 2) mode is dominant.
Finally, in the right panel of Fig. 12 we show the maximum of the unfaithfulness over the three angles (ι NR , ϕ 0NR , κ NR ) between the SEOBNRv4HM model and the NR waveforms with the modes ( ≤ 5, m 0). In the left panel of the same figure we show the same comparison but this time using the SEOBNRv4 model. Here we see that the SEOBNRv4HM waveforms have unfaithfulness smaller than 3% in the mass range considered for all the NR simulations with the exception of one case, namely SXS:BBH:0621 (q = 7, χ 1 = −0.8, χ 2 = 0) for which the unfaithfulness at M = 200M is (1 − F ) ∼ 3.1%. In general, over the NR simulations of our catalog, the maximum of the unfaithfulness is always smaller than 1% in the total mass range 20M ≤ M ≤ 200M for nonspinning configurations up to mass ratio q = 8. Nonspinning cases with q ≥ 8 and configurations with high spins and mass ratios q ≥ 5 have maximum unfaithfulness in the range 1% ≤ (1 − F ) ≤ 3%. For the former the unfaithfulness decreases to values smaller than 1% when the comparison is done including only the modes (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) in the NR waveforms (i.e., excluding smaller higher-order modes like (3, 2) , (4, 3)). This is not true for high-spin, highmass-ratio configurations where the unfaithfulness due to a nonperfect modeling dominates over that due to neglecting smaller higher-order modes. It is important to stress that, as discussed in Sec. III, the maximum unfaithfulness due to the numerical error in the NR waveforms of our catalog is in the range [0.1%, 1%]. This means that when comparing the NR waveforms with the SEOBNRv4HM model a fraction of the maximum unfaithfulness as large as 1% could be due to numerical error. Given that maximum unfaithfulness are reached for edge-on configurations where the higher-order modes are more relevant, NR waveforms with better resolved higherorder modes would be needed in order to attempt to build a model with maximum unfaithfulness smaller than 1%.
VI. CONCLUSIONS
We have worked within the spinning EOB framework and have built a multipolar waveform model for BBHs with nonprecessing spins that includes the higher-order modes ( , m) = (2, 1), (3, 3) , (4, 4) , (5, 5) , besides the dominant (2, 2) mode. In order to improve the agreement with the NR results we included recently computed PN corrections [48, 49, 95] in the resummed GW modes, and also used nonperturbative informations from NR waveforms in the NQCs corrections of the higher-order modes, and in the calibration parameters c m 's (the latter only for the modes (2, 1), (5, 5) ). We also extended to higher-order modes the phenomenological ansatz for the ringdown signal that was originally proposed in Refs. [27, 63, 64, 66] for the dominant (2, 2) mode.
We have found that the unfaithfulness averaged over orientations, polarizations and sky positions between the SEOBNR4HM model and NR waveforms of the catalog at our disposal, is always smaller than 1% with the exception of four configurations for which the unfaithfulness is smaller than 1.5%. Moreover, the unfaithfulness are one order of magnitude smaller than those obtained with the SEOBNRv4 model [27] , which only contains the (2, 2) mode. The max- imum unfaithfulness over orientations, polarizations and sky positions between SEOBNR4HM and NR waveforms is always smaller than 3% with the exception of one configuration for which the faithfulness is smaller than 3.1%. Also for the maximum unfaithfulness the results are one order of magnitude smaller than those obtained with the SEOBNRv4 model [27] . We have also found that, in the nonspinning limit, the SEOBNRv4HM model returns values of the unfaithfulness smaller than its (nonspinning) predecessor waveform model, that is EOBNRv2HM [45] (see Appendix G).
Other studies are needed to fully assess the accuracy of SEOBNRv4HM for GW astronomy. In particular it will be important to understand if unfaithfulnesses below 1% can affect the recovery of binary parameters, and if so which parameters will be mainly biased, for which SNR and in which region of the parameter space. In particular, we expect that the multipolar SEOBNRv4HM model will be more precise than the SEOBNRv4 model for recovering the binary's inclination angle and the distance from the source. Indeed, those parameters are degenerate with each other when only the (2, 2) mode is present, and the inclusion of higher-order modes can help in disentagle them (e.g., see Ref. [96] ). We postpone this kind of studies to the future because for computational reasons, we would need to develop a reduced-order-model (ROM) [26] version of the SEOBNRv4HM model. Another important test for the future would be the comparison between SEOBNRv4HM model and other multipolar, inspiral-mergerringdown in the literature, such as the IMRPhenom models proposed in Refs. [46, 47] . It will be relevant to compare those models especially outside the range of binary configurations where the NR waveforms are available, in order to identify if there are regions where the two models predict significantly different waveforms.
We also expect that the multipolar spinning, nonprecessing waveform model developed here will be a more accurate model to carry out parameterized tests of General Relativity [30] when BBHs with high mass-ratio, high total mass and in a non face-on orientation will be detected. Furthermore, the SEOBNRv4HM model can be employed to search for more than one gravitational quasi-normal mode in the ringdown portion of the signal, coherently with multiple detections [68] [69] [70] [71] . In fact, those studies can also be performed with our multipolar, stand-alone merger-ringdown model. The SEOBNRv4HM waveform model employs the same conservative and dissipative dynamics of the SEOBNRv4 model, which was calibrated to NR simulations by requiring very good agreement with the NR (2, 2) GW mode. Further improvements of the SEOBNRv4 waveform model could be achieved in the future by recalibrating the two-body dynamics. Such calibration would require the production of a new set of NR waveforms (with more accurate higher-order modes) in the region of high mass-ratios, say q ≥ 4, and high spins, say χ 1,2 ≥ 0.6 where few NR simulations are currently available and where the disagreement between current analytical inspiral-merger-ringdown waveforms is the worst (e.g., see
Figs. 5 and 6 in Ref. [27] ). Those NR waveforms would need to be sufficiently long to make the calibration procedure sufficiently robust (see Sec.VI, and Fig. 7 and 8 in Ref. [27] ).
In the near future our priority is to include the next largest modes in the SEOBNRHM model, notably the (3, 2), (4, 3) modes. The work would need to take into account the mixing between -2 spin-weighted spherical-harmonic modes with same m but different 's (e.g., between the (3, 2) and (2, 2) modes when modeling the (3, 2) mode) during the mergerringdown stage, as observed in Refs. [80, 81] , and investigated more recently in Refs. [65, 82] . Insights might need to be gained also from merger-ringdown waveforms in the testparticle limit [97] [98] [99] . However, to develop a more accurate multipolar model, one would also need to reduce the numerical error in NR waveforms around merger and during ringdown, in particular for the modes (4,4) and (5, 5) . Another important and timely application of this work, is its extension to the spinning, precessing case, thus improving, the current SEOBNRv3 model [31, 32, 100] , which only contains the (2, 2) and (2, 1) modes.
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and
which is used in the expression of the factorized modes. Here γ is the Euler constant. The quantity f m in Eq. (4.5) is:
The functions ρ m , ρ NS m , f S m are defined below; the superscript "NS" stands for nonspinning, and the superscript "S" indicates spinning. Below, we also list the phase terms δ m .
The quantities f m and δ m for the SEOBNRv4HM model are mostly taken from the SEOBNRv4 model in Ref. [27] with the additions of several new terms:
• 3PN nonspinning terms in ρ , in Refs. [89, 90] they are expressed as a function of v φ defined in Eq. (69) of Ref. [102] . While the two variables are very similar at low frequency, they can differ toward merger where the aforementioned resummation may be more effective. + − 57566572157 8562153600 
δm χ 
We notice that f S 33 is a complex quantity because it contains an imaginary term recently computed in PN theory [48] 
where with the superscript "S" we indicate the spin dependence. The term proportional to χ A /δm seems to diverge when δm → 0, but this divergence is apparent because, as it happens for all the functions f , but, instead, we compute the latter quantity excluding this term (i.e., f 33 e iδ 33 ) and we then add the new complex term to the real amplitude f 33 . We can do so because e iδ 33 iδ
, where the latter is a PN correction at higher order with respect to the order at which we currently know PN terms. We remember also that the modes (2, 1), (5, 5) contain the calibration parameters c 21 and c 55 computed imposing the condition in Eq. (4.12).
Appendix B: Fits of nonquasi-circular input values
We build the fits of the nonquasi-circular (NQC) input values using NR waveforms with the highest level of resolution available and the extrapolation order N = 2. Depending on the mode, the fits use a different number of NR waveforms, because for some binary configurations the large numerical error prevents us to use some NR modes. For each mode, in order to choose which NR simulations to use for the fits, we first remove all the NR simulations showing clearly unphysical features (e.g., strong oscillations in the post-merger stage that are not consistent among waveforms at different resolution and extrapolation order). For the modes (3, 3) and (2, 1) all the NR waveforms pass this selection, while for the modes (4,4) and (5,5) we remove respectively 10 and 42 NR simulations. For each NQC input value (i.e., amplitude and its first and second derivative, and frequency and its first derivative) we weight the value extracted by a given NR simulation with the inverse of the NR error. The latter is estimated as (δ NQC res ) 2 + (δ NQC extr ) 2 , where δ NQC res is the difference between the NQC input values extracted from the NR waveform with the same extrapolation order (N = 2) and different resolutions (i.e., the highest and second highest resolution). The quantity δ NQC extr is instead the difference between the NQC input values extracted from the NR waveform with the same resolution level (the highest) and different extrapolation order (i.e., N = 2 and N = 3).
We find it convenient to define a few variables that enter the fits below:
We notice that the variables χ 33 , χ 21A , χ 21D are by definition zero in the equal-mass, equal-spin limit. They are used for the fits of the amplitude (and its derivative) to guarantee that in this limit the modes with m odd vanish, since they have to satisfy the symmetry under rotation ϕ 0 → ϕ 0 + π. For these fits we apply the same selection of the NR waveforms discussed for the fits of the input values for the NQC. In particular, in performing the fits for the amplitude (phase) of the ringdown, we weigh the contribution of the values extracted from every NR waveform with the same weight used for the NQC input value of the amplitude (frequency). It should be noted that in some cases, especially in the ringdown, the NR error in the (4,4) and (5,5) modes limits our ability to accurately model this part of the waveform (see Fig. 13 ). 
where the RHS is the scaling of the phase at leading PN order, and the LHS is the deviation from the latter, computed at t m match . The term ∆φ m match is extracted from each NR and Teukolsky-equation-based waveforms in our catalog and then fitted as a function of (ν, χ). We find 
The error on the phase of each mode caused by the fit of ∆φ m match is on average of the order of 0.05 rad. 
The above expressions could be employed in building phenomenological models for the ringdown signal when multipole modes are present [65] . We notice that these fits are not used for building SEOBNRv4HM waveforms, whose ringdown model is constructed through Eqs. We emphasize that while in the EOBNRv2HM model [45] the merger-ringdown attachment was done at each modes' peak time, in SEOBNRv4HM we do it at the (2, 2) mode's peak for all modes except the (5, 5) mode. We make this change here because typically ∆t m = t m peak − t 22 peak > 0, and at these late times we find that for some binary configurations either the EOB dynamics becomes unreliable or the error in the NR waveforms is too large and prevents us to accurately extract the input values for the NQC conditions (i.e., Eqs. (4.14) -(4.18)).
Appendix F: Numerical-relativity catalog
In the tables below we list the binary configurations of the NR simulations used to build and test the SEOBNRv4HM waveform model. The NR waveforms were produced with the (pseudo) Spectral Einstein code (SpEC) of the Simulating eXtreme Spacetimes (SXS) project and the Einstein Toolkit (ET) code. In particular, we list the mass ratio q, the dimensionless spins χ 1,2 , the eccentricity e, the initial frequency ω 22 of the dominant ( , m) = (2, 2) mode and the number of orbits N orb up to the waveform peak.
In Fig. 15 we show the coverage of NR and BHperturbation-theory waveforms when projected on the binary's parameters ν and χ eff = (χ 1 m 1 +χ 2 m 2 )/M. We highlight four regions. In the first region 1 ≤ q ≤ 3 there is a large number of configurations with both BHs carrying spin. The spins magnitude are as high as χ 1,2 = 0.99 in the equal-mass limit, while they are limited to χ 1,2 = 0.85 for q = 3. The second region is between 3 < q ≤ 8, and most of the simulations have spins only on the heavier BH. The values of the spin of the heavier BH span in the region −0.8 ≤ χ 1 ≤ 0.85. The third region is between 8 < q ≤ 10 and it includes only nonspinning waveforms. Finally, the fourth region covers 13 waveforms computed solving the Teukolsky equation in the framework of BH pertubation theory [53, 54] . They have q = 10 Here we compare the nonspinning limit of SEOBNRv4HM to its predecessor, the EOBNRv2HM model developed in 2011 [45] , which is available in the LIGO Algorithm Library (LAL) and it has been used in Refs. [38, 41, 76] to assess the importance of higher-order modes in Advanced LIGO searches and parameter estimation. The model EOBNRv2HM was also used to search for intermediate binary black holes [103] [104] [105] [106] ). The EOBNRv2HM model includes the same higher-order modes as SEOBNRv4HM, that is (2, 2), (2, 1), (3, 3) , (4, 4) , (5, 5) . Given that the EOBNRv2HM model was calibrated against NR waveforms up to mass ratio q = 6, we decide to compare first the two models for a configuration with this mass ratio (SXS:BBH:0166). In Fig. 16 we show the unfaithfulness results for maximum, minimum, average and SNR-weighted average with respect to the angles ι NR , ϕ 0NR , κ NR of the models against NR waveforms with the modes ( ≤ 5, m 0). The unfaithfulness is shown as a function of total mass. The dashed (solid) lines represent the results for EOBNRv2HM (SEOBNRv4HM). The minimum of the unfaithfulness, reached for a face-on orientation, is different for the two models and it is smaller for the SEOBNRv4HM model. Since, for a face-on orientation, all the higher-order modes included in the two models are exactly zero because of the spherical harmonics, this difference is only due to a better modeling of the dominant ( , m) = (2, 2) mode. This difference is very small and both models yield a minimum of the unfaithfulness much smaller than 1% in the total mass range 20M ≤ M ≤ 200M . The most important quantity to compare is the maximum of the unfaithfulness which is reached for an edge-on orientation, where the higher-order modes are more relevant. Also in this case the SEOBNRv4HM model has a lower unfaithfulness against the NR waveform with respect to the EOBNRv2HM model. In particular at a total mass of M = 200M EOBNRv2HM returns a maximum unfaithfulness (1 − F ) ∼ 2%, while the SEOBNRv4HM model only (1 − F ) ∼ 0.6%. This means that also the higherorder modes are better modeled in SEOBNRv4HM with respect to EOBNRv2HM.
We find that the model SEOBNRv4HM returns smaller values of the unfaithfulness against the NR waveforms than the EOBNRv2HM model for every nonspinning configuration in our NR catalog with q ≤ 6. A comparison between the two models for mass ratio higher than q = 6 is unfair because EOBNRv2HM is not calibrated in this region. However it is worth mentioning that for the numerical simulation with the largest mass ratio at our disposal (q = 10) the average unfaithfulness of EOBNRv2HM is larger than that of SEOBNRv4HM, but still smaller than 1% in the mass range considered. For this configuration the value of the maximum of the unfaithfulness is (1 − F ) ∼ 3.5% for EOBNRv2HM at M = 200M , while is (1 − F ) ∼ 2% for SEOBNRv4HM. The improvement in waveform modeling obtained by including higher-order modes, can also be seen from a direct comparison of NR waveforms to SEOBNRv4 and SEOBNRv4HM waveforms in time domain. We present this comparison in Fig. 17 for the simulation SXS:BBH:0065. We show the NR waveform with (2, 2), (2, 1), (3, 3), (4, 4) , (5, 5) modes (solid black), the SEOBNRv4HM (dashed green) and SEOBNRv4 (dotted yellow) waveforms in an edge-on orientation. The effect of neglecting higher-order modes results in an oscillatory phase difference (dotted yellow curve of the bottom panel in Fig. 17) around the mean dephasing due to the dominant (2, 2) mode (solid black curve of the same panel). These oscillations in the dephasing are almost totally removed up to merger when we include higher-order modes (dashed green of the bottom panel in Fig. 17 ) where now the phase difference with the NR waveform is dominated again by the discrepancy of the (2, 2) mode. The residual oscillations of the dashed green curve around the dephasing of the dominant (2, 2) mode is due to the superposition of the different dephasing of the various higher-order modes. The effect of the inclusion of higher-order modes can be seen also in the amplitude of the waveform, in particular in the last five cycle of the waveform there is an evident amplitude difference between SEOBNRv4 and NR waveforms, which is not present when the SEOBNRv4HM waveform is used. Comparison between NR (solid black), SEOBNRv4HM (dashed green) and SEOBNRv4 (dotted yellow) waveforms in an edge-on orientation (ι = π/2, ϕ 0 = 1.2) for the NR simulation SXS:BBH:0065 (q = 8, χ 1 = 0.5, χ 2 = 0). In the top panel is plotted the real part of the observer-frame's gravitational strain h + (ι, ϕ 0 ; t) − i h x (ι, ϕ 0 ; t), while in the bottom panel the dephasing with the NR waveform ∆φ h .The dotted-dashed red horizontal line in the bottom panel indicates zero dephasing with the NR waveform. Both SEOBNRv4 and SEOBNRv4HM waveforms are phase aligned and time shifted at low frequency using as alignment window t ini = 1000M and t f in = 3000M.
